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FROM FLOPS TO DIFFEOMORPHISM GROUPS
GLEB SMIRNOV
Abstract. We prove that many algebraic surfaces have non-contractible loops of dif-
feomorphisms.
Little is known about diffeomorphism groups of 4-manifolds. Although papers of Ru-
berman [5, 6] show some 4-manifolds for which the diffeomorphism group is disconnected,
they lack information about higher homotopies (though this issue is to be addressed in
his forthcoming article [7] with D.Auckly.) Besides, none of Ruberman’s examples are
algebraic or even symplectic manifolds.
Let (X,ω) be a closed symplectic 4-manifold, Diff0(X) be the group of those self-
diffeomorphisms of X which are smoothly isotopic to the identity, and Ω(X) be the space
of symplectic forms on X that are isotopic to ω. By virtue of Moser’s trick Diff0(X) acts
transitively on the space Ω(X), thus leading to homomorphisms pikDiff0(X) → pikΩ(X).
This note aims to prove the following statement.
Theorem 1. If (X,ω) is a hypersurface in CP3 of degree d 6= 1,4, then the homomorphism
pi1Diff0(X)→ pi1Ω(X) is non-trivial, and therefore so is pi1Diff0(X).
Our construction of non-contractible loops in Diff0(X) will not be particularly explicit,
but will be geometric enough for the reader to see that our diffeomorphisms are localized
in a tubular neighbourhood of an embedded (−2)-sphere. Thus, whenever a 4-manifold
X contains a sphere of self-intersection number (−2), we might expect Diff0(X) not to be
simply-connected. In fact, it will be clear from the proof below that the theorem holds for
a much wider class of algebraic surfaces. Projective hypersurfaces here are only chosen
for illustrative purposes.
We can now proceed to the proof of the theorem. Here is the plan. We take a Lefschetz
fibration f : V → D2 with a single critical point and with a regular fiber f−1(x) biholo-
morphic to X. To such a fibration is associated a pair of fiber bundles fi : Vi →D
2
i , i= 1,2
and a fiberwise gluing function ϕ : f−11 (∂D1)→ f
−1
2 (∂D2) between them. One identifies
f−11 (∂D1) with f
−1
2 (∂D2) by means of ϕ, and thus obtains a fiber bundle over S
2 whose
fibers are diffeomorphic to X. (Such a bundle determines an element in pi1Diff0(X).) As-
suming this bundle is smoothly trivial, we investigate its family Gromov-Taubes/Seiberg-
Witten invariants. We pick such an invariant and compute it in two ways; once using
general properties of Seiberg-Witten moduli spaces, and once by applying symplectic
methods. This will lead to two different (contradictory) solutions.
1. Constructing loops
Let (V,f,D) be a complex-analytic family consisitng of a smooth three-fold V and
a holomorphic map f : V → D onto a complex disc D such that i) for each t ∈ D,
Xt := f
−1(t) is compact and connected, and ii) f has a single singular point x0, f(x0) = 0
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that is nodal (i.e. the linear term of the Taylor expansion for f at x0 vanishes yet the
quadratic term is non-degenerate.) It follows that each fiberXt, except ofX0, is a compact
smooth complex surface. In other words, (V,f,D) is a Lefschetz fibration.
It will be convenient to pick a complex coordinate t on D with D = {|t|6 1}. Let t→ t2
be the two-sheeted branched covering of D, which have a unique branched point. Define
V ′ ⊂ V ×D to be the subset of those (x,t) for which f(x) = t2. We also define a function
f ′ : V ′ →D by f ′(x,t) := t, thus making a new complex-analytic family (V ′,f ′,D). Note
that V ′ is not smooth as the point (x0,0) is conical for V
′, i.e. a small neighbourhood
of (x0,0) is biholomorphic to a neighbourhood of the vertex of a quadric cone in C
4.
A complex-analytic family (V ′,f ′,D), as defined, will be called an Atiyah family . An
advantage of the family (V ′,f ′,D) compared with (V,f,D) is that the restriction of the
former to the punctured disc D−{t = 0} is a smoothly trivial fiber bundle. One way to
see this is via desingularizations, as suggested by Atiyah. But before making an exact
statement, we shall mention some examples of such families.
Consider the pencil of quadrics in CP3 defined by
Ft : x
2
1+x
2
2+x
2
3+ t
2x20 = 0,
and let V ′ ⊂ CP3×CP1 be the subset of those (x,t) for which Ft(x) = 0. It is easy to see
that the family t : V ′ → C is an Atiyah family. In a similar vein, one can construct an
Atiyah family whose fibers are hypersurfaces in CP3 of degree d > 2.
Let (V,f,D) be an Atiyah family (we drop the subscript!), and let x0 ∈ V be the conical
point. Consider the vector bundle I = L⊕L over CP1, where L is the line bundle O(−1).
Denote by E the zero section of I. It is shown in [1] that there exists a neighbourhood U
of x0 in V and a tubular neighbourhood U
′ of E in I such that U −x0 is biholomorphic
to U ′−E. This suggests that V has a resolution. In a way, it has two of them.
Theorem 2 (Atiyah, [1]). There exists a pair of complex-analytic families (Vi,fi,D), i=
1,2, and a pair of holomorphic maps qi : Vi → V such that for each family (Vi,fi,D)
(1) the preimage q−1i (x0) is a smooth complex rational curve Ei ⊂ Vi,
(2) the restriction qi : Vi−Ei → V −x0 is a biholomorphism,
(3) the mapping fi : Vi →D is a smoothly (yet not holomorphically) trivial fiber bundle,
and
(4) the following diagram commutes
Vi
qi
−−−→ V
fi
y f
y
D
id
−−−→ D.
(1.1)
How are the families (Vi,fi,D) different from each other? - In complex-geometric terms,
they are obtained from each other by means of the Atiyah flop, whereas topologically,
they can be easily distinguished as follows. Let us consider a family of diffeomorphisms
Ti,t : X → f
−1
i (t) for |t| = 1 such that the family q
−1
i ◦Ti,t : X → f
−1
i (t) extends to be a
family of diffeomorphisms over the whole D. In other words, we pick a trivialization for
the bundle fi : Vi →D over ∂D = {|z| = 1} that extends to a trivialization over D. Such
a trivialization (though not unique) indeed exists as each of the bundles fi : Vi → D is
trivial. Moreover, it is easy to see that one can arrange T1,t and T2,t to coincide for some
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t ∈ ∂D, say, for t= 1. After setting
At := T
−1
2,t ◦T1,t,
we immediately get a loop in Diff0(X). It is the loop At which we eventually prove to be
non-contractible.
Hereafter, by abuse of notation, we continue to write Ti,t for q
−1
i ◦Ti,t. As Ti,t may be
extended to each t ∈ D, it does make sense to consider the spheres T−1
0,i (Ei) ⊂ X, for
which we continue to write Ei. It turns out that the homology classes of E1 and E2 in X
have the opposite signs,
[E1] =−[E2] in H2(X ;Z). (1.2)
We therefore conclude that (V,f,D) has a pair of different desingularizations. Equality
(1.2) will be explained in Section 3, coming after a construction of the families V1 and V2.
Now we need to introduce some symplectic geometry.
Keeping in mind the examples of Atiyah families given above, we assume that V is
embedded into some projective space and, therefore, inherits a Ka¨hler structure, which
we denote by Θ. To simplify notations, we will be considering one family, say V1. The
family V2 will enjoy similar properties. Denote f
−1
1 (t) by Xt for short. Let q
∗
1Θ be the
pull-back of Θ via q1.
For t 6= 0, the restriction of q∗1Θ to Xt defines a Ka¨hler form, but for t = 0 the restriction
of q∗1Θ to X0 is degenerate along the curve E1 and, therefore, satisfies
∫
E1
q∗1Θ = 0. It
is now clear why the family (V1,f1,D) is not holomorphically trivial: no other fibers Xt,
except for X0, contain a complex curve homologous to [E1]. (Here we identify the groups
H2(Xt;Z) with each other.)
Recall that we have the trivialization V1 ∼=X×D given by x→ (T
−1
1,t (x),f1(t)). Let Jt
be the pull-back of the complex structure of Xt via T1,t : X → Xt. Similarly, define θ(t)
to be the pull-back of q∗1Θ via T1,t.
Let us perturb θ(0) to make it Ka¨hler. Since O(−E1)|E1 is ample, its curvature (1,1)-
form u can be chosen to be positive in a small neighbourhood of E1. On the other hand,
θ(0) itself is positive outside of E1. Therefore, ν(0) := θ(0)+ εu is Ka¨hler for ε positive
small enough. Since (X,J0) is Ka¨hler, then so is each (X,Jt) for |t| sufficiently small. As
such, we can extend ν(0) to a family of Ka¨hler forms ν(t) on (X,Jt). Then we interpolate
between ν(t) and θ(t) to construct a family of Ka¨hler forms ω(t) on Xt with the following
properties:
(a) ω(t) = ν(t) for |t| small enough.
(b) ω(t) = θ(t) for t close to ∂D.
(c)
∫
E1
ω(t)> 0 for each t ∈D.
The forms ω(t) are cohomologous to each other as t goes along ∂D = {t ∈D | t= eis};
hence they define a loop in the space Ω of symplectic forms isotopic to ω(1). It was shown
by Kronheimer (see [3]) that this loop is not contractible in Ω. His explanation of this
phenomenon, so insightful it is, allows us to detect a bit more, namely some non-trivial
loops in Diff0(X).
Note that we actually have two families of symplectic forms ω1(e
is) and ω2(e
is) on X,
coming, respectively, from V1 and V2. They are diffeomorphic in the sense that
(At)∗ω1(t) = ω2(t), t = e
is.
Further, it follows from A1 = id that ω1(1) = ω2(1). We now are about to show that
ω1(e
is) and ω2(e
is) give rise to different elements in pi1Ω. This would prove that the loop
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[At] ∈ pi1Diff0(X), t = e
is is not contractible, as for it was, that would imply ω1(e
is) is
homotopic to ω2(e
is).
Assume the contrary, i.e. that one can join ω1(e
is) and ω2(e
is) with a tube ωr(e
is)⊂ Ω,
r ∈ [1,2]. Although it is not possible to shrink the loops ωi(e
is) in Ω, it is possible to find
discs D1 and D2 of symplectic forms satisfying (a)-(c) that bound, respectively, ω1(e
is)
and ω2(e
is). This way one obtains a sphere S of symplectic forms on X, which consists
of the annulus ωr(e
is), s ∈ R, r ∈ [1,2], and the discs D1 and D2.
Our next step is to endow every symplectic form of S with a compatible almost-complex
structure. For the discs Di are already equipped with the families of compatible inte-
grable complex structures, we only need to find a joining family Jr,s, r ∈ [1,2] of ωr(e
is)-
compatible almost-complex structures along the annulus. Such a family indeed exists as
for each r,s the space of ωr(e
is)-compatible structures is non-empty and connected.
The sphere S now parametrizes pairs (ωs,Js), where ωs is a symplectic form on X and
Js is an ωs-compatible almost-complex structure. Let us summarize some of properties S
enjoys:
i) Js is integrable for every s ∈D1 (Js is also integrable for s ∈D2, but we won’t need
this),
ii) there is a unique s0 ∈ S for which (X,Js0) contains a complex rational curve in the
class [E1], whereas there are no such curves for other (X,Js), s ∈ S−s0, and
iii)
∫
E1
ωs 6 0 for every s ∈ S−D1 (it gets negative for some s ∈D2, otherwise vanishes.)
Following [3], we will prove S does not exist, by evaluating a certain family Seiberg-
Witten invariant on S in two different ways. Below we discuss the Seiberg-Witten equa-
tions and the method (due to Kronheimer) through which they yield numerical invariants
of families of symplectic forms. We skip all technicalities related to the definition of the
Seiberg-Witten moduli space, referring the reader to [9, 8] for a friendly introduction into
four-dimensional gauge theory and to [3, 2, 4] for a discussion on the family invariants.
2. Proving non-contractibility of the loops
2.1. The invariant is equal to zero. One starts with a closed oriented simply-connected
4-manifold X equipped with a Riemannian metric g and a self-dual form η. After picking
a spinC structure onM , with associated spinor bundlesW± and a determinant line bundle
L, one considers the monopole map
µ : Γ(W+)×Conn(L)→ Γ(W−)× iΓ(Λ2+), µ(ϕ,A) := (D
Aϕ,F+A −σ(ϕ)− iη),
where ϕ ∈ Γ(W+) is a self-dual spinor field, A ∈ Conn(L) is a U(1)-connection on L,
and F+A stands for the self-dual part of the curvature of A. Finally, σ : W
+ → iΛ2+ is
the squaring map. The moduli space of monopoles is the quotient of the zero set of the
function µ by the gauge group G (L) = {g : X → S1}.
Obviously, this moduli space depends on the choices of spinC structure, Riemannian
metric, and perturbation form. Let P ∼= R×Γ(Λ+) be the infinite-dimensional vector
bundle whose fiber over a Riemannian metric g ∈ R consists of all g-self-dual forms. We
let M denote the universal (parametrized) moduli space of monopoles, and let pi : M→P
denote the natural projection.
Inside P there is a submanifold Pred consisting of pairs (g,η) for which the corresponding
zero set of µ contains reducible monopoles, i.e. pairs of the form (0,A). The stabilizer
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of (ϕ,A) under the action of G(L) is trivial, unless ϕ = 0. But the stabilizer of (0,A) is
isomorphic to S1. Reducible monopoles therefore obstruct M to be a manifold. When
ϕ = 0, the monopole map simply reads F+A − iη = 0. It is easy to see that reducibles
appear for those perturbation forms η the harmonic part of which is equal to that of F+A .
Such perturbations form an affine subspace in Γ(Λ+) of codimension b+(X). As such,
Pred is just an affine subbundle of the bundle P. In particular for us, if b
+(X) > 1, then
reducibles do not appear at all for a generic (g,η).
Set P∗ := P−Pred. One proves that the part M
∗ of the moduli space M lying over P∗
is a manifold and that the projection pi : M∗→P∗ is a proper Fredholm map of index
ε2+ c1(X) · ε,
where ε ∈ H2(X ;Z) encodes the spin
C structure as follows. For us, if X is symplectic,
it is associated with a compatible almost-complex structure J and, therefore, with a
distinguished spinC structure sJ . All other spin structures sJ + ε are then parametrized
by ε’s from H2(X ;Z). In terms of their Chern classes, this becomes c1(s) = c1(X)+2ε.
We are interested in the case indpi =−2. Although there are no monopoles for a generic
(g,η), they may appear for two-dimensional parameter families in P∗. Let S ⊂ P∗ be a
two-dimensional sphere. One can arrange that S is transverse to pi, and then an integer
SWε(S) is obtained by counting the points of M
∗ lying over S. We refer to this number
as a family SW-invariant.
It is easy for two-dimensional SW-invariants to vanish. The parameter space P is
contractible, for it is a vector bundle over a contractible space, the space R of Riemannian
metrics. But then if b+(X) > 3, we see that P∗ is at least 2-connected. As such, every
2-sphere S ⊂ P∗ can be shrunk to a point without touching Pred and, consequently, has
vanishing family invariant.
Note that although the hypersurfaces Xd ⊂ CP
3 of degree d > 4 do satisfy the condition
b+2 (X)> 3, both the quadric and cubic don’t. For them, when b
+
2 (X) = 1, the space P
∗ is
disconnected; this is because Pred is a codimension 1 affine subbundle in P and, therefore,
cuts P in two pieces. However, both pieces are contractible; hence, the vanishing argument
for family invariants goes for this case as well. The case X ∼= CP2 is not interesting for
us because CP2 contains no (−2)-curves. As for the quartic surface, it appears to have a
non-trivial family, the twistor family of K3’s.
2.2. But it is not. A remarkable relation between SW-theory and complex geometry
allows us to compute family invariants differently, by counting holomorphic curves. For
the family S constructed above, we consider the map
τρ : S →P
∗, τρ(ωs,Js) := (gs,ρωs),
where gs(·, ·) := ωs(Js·, ·). In what follows, we abuse notations, letting S denote both S
and τρ(S) (for whatever large ρ.) If ε 6= 0 and ε · [ωs]6 0, then a classical result of Taubes
says that the moduli space of monopoles lying over (gs,ρωs) is empty for ρ > 0 sufficiently
large. Taking ε to be [E1], we choose ρ large enough to have all monopoles lying over
D1 ⊂ S, an integrable part of S.
To find monopoles for gs, s ∈ D1, the basic tool is the theorem of Witten which says
that if (gs,Js,ωs) is Ka¨hler and ρ is large enough, then the monopole moduli space for
(gs,ρωs) can be identified with the moduli space of holomorphic curves in class ε. For
us, if ε is taken to be [E1], the corresponding moduli space of curve has already been
understood: it follows from property ii) of S that the parametrized moduli space for D
6 GLEB SMIRNOV
consists of one point. Therefore, it becomes SWE1(S) = 1. This is a contradiction; we are
not supposed to have two-dimensional families with non-trivial SW-invariant.
Strictly speaking, one also needs to verify that that pi is transverse to S ⊂ P∗. In [3, 2],
this problem has been transformed into a computation of the Kodaira-Spencer class for
the family (V1,f1,D), which sits in H
1(X0;TX0). A more detailed discussion would have
taken into account the short exact sequence
0→ TX0 → TV1 |X0 → OX0 → 0,
for which the long homology exact sequence reads
. . .→ H0(X0;TV1 |X0)→ H0(X0;OX0)→ H1(X0;TX0)→ . . . .
The Kodaira-Spencer class K is defined to be the image the boundary homomorphism
H0(X0;OX0)→ H1(X0;TX0).
We write NE1/X0 and NE1/V1 for (the sheaf of sections of) the normal bundle to E1 in,
respectively, X0 and V1. Projecting K through
TX0 → TX0 |E1 →NE1/X0 ,
we get a class κ ∈ H1(E1;NE1/X0). By Proposition 4.5 in [3], the mapping pi will be
transverse to S at s0 provided that κ is non-trivial. One can alternatively get κ from the
short exact sequence
0→NE1/X0 →NE1/V1 → OE1 → 0
as the image of the boundary homomorphism H0(E1;OE1) → H
1(E1;NE1/X0). In the
absence of non-zero holomorphic sections for NE1/V1 , the desired transversality would be
achieved. As we will see later, H0(X0;NE1/V1) really vanishes.
3. Resolution of nodes
Here we briefly recall how a nodal point can be desingularized, and how can an Atiyah
family be replaced by a smooth complex-analytic family. The reader is invited to look at
the seminal paper of Atiyah [1] for a much more comprehensive treatment.
As all nodal points are locally biholomorphic to each other, we may start with the
standard quadric cone V ⊂ C4, and take its equation to be x1x4 = x2x3. This cone has
two systems of generators
Λ1 : x1 = λ1x2, x3 = λ1x4, Λ2 : x1 = λ2x3, x2 = λ2x4, (3.1)
where λ1,λ2 are inhomogeneous coordinates on CP
1.
From now on, we abbreviate (x1,x2,x3,x4) to x. Let Vi, i = 1,2 be the subspaces
of CP1(λi)×C
4(x) of those tuples (λi,x) which satisfy the equations for Λi, i = 1,2,
respectively. The mapping (λi,x) → λi makes Vi into a complex rank 2 vector bundle
isomorphic to L⊕L, where L is the line bundle O(−1)→ CP1; hence Vi → CP
1(λi) has
no non-zero sections.
We let Ei ⊂ Vi, i = 1,2 to denote the zero section of Vi, i = 1,2, respectively. One
can project Vi onto V by contracting Ei into the singular point of V . Back in Section 1
these projections were denoted by qi : Vi → V . If f is a holomorphic function on C
4 such
that f(0) = 0 and such that the linear part of f does not vanish identically on any of
the 2-planes Λi, then (and only then) the pull-back q
∗
i f has no critical points on Vi, and,
therefore, defines a locally-trivial fibration q∗i f : Vi →C.
For each t 6= 0, the fiber Xt := f
−1(t) is a non-singular surface in V and the inclusion of
Xt into V gives rise to the non-injetive homomorphism H2(Xt;Z)→ H2(V ;Z) the kernel
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of which is generated by a smoothly embedded (−2)-sphere L ⊂ Xt (this what is known
in symplectic geometry as vanishing cycles.) Appropriately oriented, the lift of L via q1 is
homologous to E1 in V1. But q
−1
2 (L) is homologous to −E2, not to E2. One can construct
L as follows.
Let V˜ be the subspace of CP1(λ1)×CP
1(λ2)×C
4(x) consisting of those tuples (λ1,λ2,x)
which satisfy all equations (3.1) simultaneously. The projection (λ1,λ2,x) → (λ1,λ2)
makes V˜ into the line bundle over CP1(λ1)×CP
1(λ2) of bidegree (−1,−1). Away from their
zero sections, V˜ and Vi are biholomorphic to each other via the obvious map pi : V˜ → Vi,
pi(λ1,λ2,x) := (λi,x); therefore, we get the diagram
V˜
p1
−−−→ V1
p2
y
yq1
V2
q2
−−−→ V.
(3.2)
We let Q = CP1(λ1)×CP
1(λ2) to denote the zero section of V˜ . Consider the anti-
diagonal sphere ∆ :=
{
(λ1,λ2) ∈Q | λ1 = λ¯2
}
. It is not hard to show that the bundle
V˜ → Q admits a non-vanishing section over ∆. Use such a section to perturb ∆ so it
no longer intersects Q, then set L := q1 ◦ p1(∆), or, equivalently, L := q2 ◦ p2(∆). It is
immediate from our construction that we have [p1(L)] = [E1] yet [p2(L)] = −[E2]. This
justifies equation (1.2).
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